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Introduction
The weak isomorphism problem in ergodic theory has a long and interesting
history. In 1963, Sinai [29] asked whether it was possible to find an ergodic

automorphism T such that:
(1) T has a weakly isomorphic factor which is not isomorphic to 7.

The famous result of Ornstein [20], [21] saying that two Bernoulli shifts are
isomorphic iff they have the same entropy, shows that (1) could not hold for
T a Bernoulli shift. In 1968, Hahn and Parry [6] introduced the notion of the
coalescence of an automorphism. If T is coalescent (i.e. if each measure-preserving
transformation commuting with T is invertible) once more (1) cannot hold for it.
In particular, all automorphisms with quasi-discrete spectrum and those with no
spectral type of infinite spectral multiplicity ({1], [18]) are coalescent (these are
examples of automorphisms of zero entropy).

In 1974, Polit [25] constructed a zero-entropy mixing example satisfying (1).
Later, one of the authors (Rudolph [26]) generalizing on Polit’s work introduced
the notion of minimal self-joinings (MSJ) of an automorphism. It is known that

if T enjoys MSJ then the infinite direct product automorphism
(2) TxTx--- satisfies (1).

In [10], [12], [26] various examples of automorphisms with the MSJ property
(hence, of zero entropy) have been constructed. In [13], the authors noticed that a
weaker property of T', called simplicity, was enough to get (2). In 1986, Thouvenot
[30] proved that if T was a Gaussian automorphism with simple spectrum then
(2) holds true. Recently, in [11], the authors have shown that property (2) is a
"typical” (with respect to the weak topology [7]) property of automorphisms of
a Lebesgue space.

The examples of automorphisms satisfying (1) presented above are all weakly
mixing, however, it is very likely that no one of them enjoys the loosely Bernoulli
(LB) property (a zero entropy automorphism is LB iff it is induced from an
irrational rotation [22]). In [4], [15], [16] some examples of LB automorphisms
satisfying (1) have been constructed.

However, all the examples of ergodic automorphisms for which (1} is satisfled
were constructed as some (essentially) infinite self-joining (see [3]). Hence, a nat-

ural question arises whether or not we can construct an ergodic automorphism
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satisfying (1) which is not an (essentially) infinite self-joining of another auto-
morphism. In [3], it was noticed that if T: (X, B, u) — (X, B, ¢1) is an irrational

rotation and ¢: X — X is a measurable map then whenever the automorphism
(3) T (X xX,pxp)— (X xX,uxp), To(z,y)=(Tz,p(z) y)

is ergodic, it cannot be isomorphic to an (essentially) infinite self-joining. The
automorphisms of the two-dimensional torus of the form (3) will be called Anzai
skew products. In [17], an ergodic Anzai skew product without the coalescence
property was constructed. Although, using the same methods, an improvement of
the construction from [17] to obtain the stronger (1) property of T, is possible, we
do not go in this direction any further since, as noticed in (3], in the cohomology
class of the ¢ from [17] there is no absolutely continuous cocycle. (We recall, that
in the cohomology class of an arbitrary cocycle there is one which is continuous
[14], [27].) In particular, no coboundary modification of the ¢ could lead to a
diffeomorphism of the two-dimensional torus.

The main problem we deal with in this paper is a construction of an ergodic
diffeomorphism preserving a smooth measure on a finite dimensional compact
smooth manifold and satisfying (1). Such a construction is impossible on the
circle as from Denjoy’s theorem each C'-diffeomorphism on the circle without
periodic points and with derivative of bounded variation is strictly ergodic and
isomorphic to a rotation. In contrast to this, on the two-dimensional torus, we
will construct two ergodic C'*°-diffeomorphisms (preserving Lebesgue measure)
which are weakly isomorphic but not isomorphic. In Section 5 we deal with C*°-
diffeomorphisms of the form (3) proving that their C>-centralizer is uncountable.

Some open questions are listed at the end of the paper.

The results of the paper were obtained during the visit of the third author to
N.C. University in Torun in July 1990. He would like to thank the Math Institute

there for supporting the visit.

1. Definitions and Notation

Let (X, B, u) be a Lebesgue space with a normalized measure y. Assume that
T: (X,B,p) — (X, B, ) is an invertible measure-preserving transformation (i.e.
T is an automorphism). Let C(T') denote the centralizer of T which is the set
of all not necessarily invertible measure-preserving transformations commuting

with T. Assume that A C B is a T-invariant sub-o-algebra. Then, the quotient
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action of T on A is called a factor of T (we will identify factors with T-invariant
sub-o-algebras).

Let G be a compact abelian metric group with Haar measure m. A measurable
function @ : Zx X — G is called a cocycle if 3(*+¥)(z) = g(™)(z). ) (T"(x)).
Any such is clearly of the form @(")(z) = H;:ol o(Ti(z)), n >0, ¢™(z) =
( ;:n o(T¥(2)))~?, n < 0, where ¢(z) = @(1,z) is the “generator” of the co-
cycle. Abusing language we will refer to p as “the” cocycle although we will be
referring to the cocycle it generates. A cocycle ¢ determines an automorphism
T, (called a G-extension of T) on (X x G, B, i) by

(4) Ty(z,9) = (Tz,9 - ¢(2)),

(B is the product o -algebra and ji = g x m). A cocycle ¢ is said to be a
coboundary (or a G-coboundary if we need to emphasize the role of G) if it
is of the form

¢p(z) = f(Tz)/f(2)

for a measurable function f: X — G. We say that two cocycles ¢, ¥: X — G
are cohomologous if ¢ /1 is a coboundary. Assume that T is ergodic. We will
say that ¢ is ergodic if T, is. The following is classical [23].

(5) ¢ is ergodic iff for no character x € G, x #1,
the cocycle x o ¢ is an S!-coboundary.

I T,: (X x G, i) — (X x G,1) is a G-extension of T then it has a system of
factors called natural factors arising as follows.

Let H C G be a compact subgroup of G. Consider
By={A€B:(Yhe H) A=A},

where o, (z,9) = (z,hg). The corresponding factor, denoted by T, x, is simply
the action of T, on (X x G/H, By, ji). When G = S such H are either finite or
all of S1.

PROPOSITION 1 ([13]): Assume that T, is an ergodic G-extension of T and let
A be a factor of T, such that

{BxG::BeB}CA
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Then A is a natural factor of T,,.

Let T: (X, B, 1) — (X, B, 1) be an ergodic rotation on a compact monothetic
group X with Haar measure p (i.e. up to isomorphism T is assumed to have

discrete spectrum).

PROPOSITION 2 ([19]): Suppose that ¢, : X — G are ergodic cocycles. T,
and Ty are isomorphic iff there exist S € C(T), a measurable map f: X — G

and a continuous group automorphism v: G — G such that
¢ S/o(¥) = fo T/f.

Remark 1: We will also consider maps ¢: X — R. As before we abuse language
and call such a function a cocycle if it is measurable. We write the actual cocycle

¢"(z) = p(z) + 9(Tz) + -+ + p(T"z)

forn >0, ¢(® =0. Ifn < -1 then

e™(z) = —p(T7'z) — - — p(T"z). &

2. Game plan

From now on we assume that X = S! (the circle) and u is Lebesgue measure.
Let Tz = z- e2™ for some irrational a € [0,1). Assume that ¢ : X — X isan
ergodic cocycle and let T, : (X x X, B, ji) — (X x X, B, ji) be the corresponding
Anzai skew product. Suppose that A C B is a factor that is weakly isomorphic
to T,. Then

(BxX:BeB}cC A

since T, is ergodic and the o-algebra {B x X: B € B} is determined by the
eigenfunctions of T,. In view of Proposition 1, A has to be a natural factor.
As T, is not isomorphic to T, H # S! and so is finite, i.e. the kth roots of
unity for some k > 1. We conclude that the action of T, on A is isomorphic to
To: (X xX ,B, i) — (X x X, B, ji). Notice that if T,z and T, are isomorphic
then certainly T, and T+ are weakly isomorphic and from the discussion above
this is the only way to get such an example within the context of Anzai skew

products. Therefore, using k = 2 to construct two weakly isomorphic Anzai skew
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products that are not isomorphic we will find a and § from [0,1) and a cocycle
¢: X — X such that if we denote T'z = z - €2™®, Sz = z - ¢2™# (z € S?), then

(6) T, is ergodic,

(7 ¢(Sz)/(¢(2))* = f(Tz)/ f(2)

for a measurable function f: X — X and moreover

(8)

for an arbitrary U € C(T') there is no measurable solution
g: X — X of the equation p(Uz)/(p(z))*? = ¢(Tz)/g(z).

Indeed, by (6) and (8) and Proposition 2 it follows that T, and T,2 are not
isomorphic, while (7) and Proposition 2 state that T, and T4 are isomorphic.
Suppose that ¢: X — X is continuous. Let $: R — R be its natural
continuous lifting with ¢(0) € [0,1). The number @(1) — $(0) € Z is called the
degree d(p) of ¢. If ¢ is absolutely continuous and d(¢) # 0 then, by a result of
[3], T, is coalescent and (1) fails to be true. Hence, we have to consider the case
of d(¢) = 0, in other words we study continuous maps ¢: X — R (or which is
the same @: R — R is periodic of period 1). For such a case, in order to solve
(7), it is enough to find a measurable solution f: R — R periodic of period 1,

to the equation
(9) (e +B) ~49(2) = f(z + ) - f(2).
By taking the exponentials in (9) we get (7). We will call  in (9) a transfer

function.

Remark 2: Transfer functions are rather "wild” functions. This can be made
precise by the following observation.

Let T: (X,B,u) — (X, B, ) be an ergodic automorphism. Assume that S €
C(T) is invertible. Moreover, assume that ¢: X — R is a cocycle, ¢ € Lk (X, )

and @ is not an R-coboundary. If there exists a measurable f: X — R satisfying
#(Sz) — kp(z) = f(T=) - f(z)

(z € X) for some k € Z, |k| > 1 then f ¢ Lk (X, u).

Indeed, let us define an operator Agy: Lk(X,u) — LL(X,u) by putting
Asi(g) = go S — k- g. This operator is linear and continuous. We will show
that it is invertible. Put L: L% (X, p) — LL(X,n), L(g) = k-go S~!. We have
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L™ =1/[k", n>1,s0 M =32 L™ is well defined and (Id—L)oM = Id.
Thus Id — L is invertible and so also is Asy = (Id — L)o S.
Suppose, now, that f € L% (X, u). Then, since S € C(T),
¢ = Asi(foT—f)=(A54F) o T - 45 (f)
and @ is a coboundary, a contradiction. ]

We will have to show that the left side cocycle in (9) is an R-coboundary. We

will use the following rather standard sort of criterion ([28]).

ProrosITION 3: Let T: (X,B,u) — (X,B,p) be an ergodic automorphism.
Assume that ¥: X — R is a cocycle. Then v = foT — f for a measurable
f: X — R iff there exists a set S C X, u(S) > 0, such that

(10) PP () <1

whenever ,T*z € S and k € Z.

Proof: Suppose that f: X — R is measurable and

(11) f(T2) - f(z) = P(a).

Since f is measurable, there is a real number r such that the set
S={zeX:|f(z)-rl<1/2}

has positive measure. It follows from (11) that ¥ (z) = f(T*z) — f(z), k €
Z, z € X. Now, if 2, T*z € S then [¥)(z)| < |f(T*z) —r| + |f(z) —= 7| < 1.
Suppose, now, that (10) is satisfied for a set S of positive measure. The
ergodicity of T implies that for a.a. z € X there is k = k(z) € Z with T*z € S.
Therefore the set
A(z) = {$B(z): T*z € S, k € Z}

is nonempty. Moreover, it is bounded above.
Indeed, choose ky € Z with T*oz € S. Let k be any integer, k # ko, and T*z € S.
Then

zﬁ(")(:c) — J,Uro)(x) + 15(""‘°)(Tk°z) < J,(ko)(z) +1,

as Tkog, Tk=ko(Tkoz) € § and (10) holds true.
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Let us define a function f: X — R by
f(z) = — sup A(z).
Hence, f is finite for a.e. £ € X and is measurable since

{z: f@) < -t} = |J U= P () 28} nT7H(8)]

k=—o00
for every b € R. Since A(Tz) = A(z) — ¥(z), we have f(Tz) — f(z) = ¥(z).
In applications, to show that 1 is a coboundary it is enough to have a set S of
positive measure with the property that
[$®|(z) <1 whenever z,T*z € § forall k > 1.

Indeed, if £ = 0 then (10) holds true. Suppose that now k < 0 and z,T*z €
S. Then T*z,T-*(T*z) € S with —~k > 0 so |[$(~¥(T*z)] < 1 and since
|9 (T*z)| = [*¥)(z)|, we are done.

COROLLARY 1: Assume that £ = {F,TF,...,T""'F} is a Rokhlin tower for T,
u#(F) > 0. Let g: X — R be a cocycle satisfying

n—1
(12) ¢=0on X\ |JT'F,
=0
n—-1
(13) ) ¢(T'z)=0 for z€F.

i=0
then ¢ is an R-coboundary.

Proof: 1t suffices to apply Proposition 3 with § = F. ]

COROLLARY 2: Let 3;: X — R be a cocycle such that there exists a set S; with
1(Si) > 1 —¢€o/2' for some €9 < 1 and z,T*z € S; implies [p¥(z)| < 1/2%, k>
1,i=1,2,....

If the series 3.2, @i(z) is convergent a.e. then the cocycle 3(z) =Y 2, Gi(z)
is a coboundary.

Proof: Set S =)=, S: and observe that u(S) > 1—¢o > 0. Now, if z, T*(z) €
S then z,T*(z) € S; for every i and therefore |<,5Sk)(:v)| < 1/2* which implies
() <1 w
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Remark 3: Gottschalk and Hedlund in [5) have proved that if T: X — X is
a minimal homeomorphism of a compact metric space and if : X — R is a
continuous map then ¢ = f o T — f for a continuous f: X —s R iff there exists
a point zg € X such that {$*¥)(z¢): £ > 0} is bounded. Proposition 3 is an

analogue of that theorem in the measure-theoretic case. |

Given an irrational a € [0,1) and hence T: X — X, where Tz = z - 2™ we
seek B and ¢: X — R with (6),(8) and (9). Certainly, this is not possible for an
arbitrary a if we want ¢ to have a smooth coboundary modification. For instance,
for irrationals with bounded partial quotients such a ¢ has to be cohomologous
to a constant (classical small divisor arguments). We will deal with o’s satisfying
the following condition.

Denote T(z) = z + a (mod 1), where z € [0,1). Let « = [0: ay,az,...) be
the continued fraction expansion of a with the convergents P, /Q,. Assume that

some sequences {ex} with
(14) 0<ex <1/(10-2%)
and {C}}, with Ci > 0, are given.

Definition 1: We say that o € [0,1) satisfies the (R) condition with respect to
{ex} and {Cy} if there exists a subsequence {n;} of natural numbers such that

f 3
(R1) ©2, . ¢y < 400,

1 6zn, 41

(R2) —2— <&, k=1,2,....

B2n, +1

If, besides,
(R3) Ganys1 = 20(k)a(k), where p(k) > 7L, (k) / oo,
(R4) Q2n, 2 1/e},

then we say that « satisfies the full (R) condition. |

THEOREM 1: The set of a’s satisfying the full (R) condition with respect to {¢x},
{Ct} is residual.

The proof of Theorem 1 and some more facts concerning properties of the

continued fraction expansion of a are postponed to the appendix.
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Suppose, now, that a € [0, 1) satisfies (R2) and (R4) along a subsequence {n;}.
Denote
T(k) = A2, 41y hk = Q2nk

J¥ = 10,Qzn,a (mod 1)), Ii =[0,a20,41 - Q2n, (mod 1)), k> 1.

Then, we have

(15) ér = {It, TIi,..., T I} is a Rokhlin tower ,
he—1 »

(16) w(J T'h)>1-er, hi21/ef,
=0

(17 I} is the disjoint union of intervals J¥, s = 1,2,...,r(k), listed left
to right within Iy such that T*(J¥)=Jk | s=1,2,... r(k) -1,

(this is just to say that T** translates Ii by the length of IH

(18) Iyt C Jlk, k > 1, and whenever an interval from x4 is contained
in JF, its r(k)hx — 1 iterations are also in £x41.

The proofs of (15) — (18) can be found in the appendix.

Remark 4: Each « satisfying the (R) condition has to be irrational (from (R2),

the a; are clearly unbounded). |

Given a satisfying (R2),(R3) and (R4) the number 8 will be constructed as
the intersection of a decreasing sequence of closed intervals. We will construct a

cocycle ¢: R — R (periodic of period 1) as
¢($) = Z@(I), Tc [0,1),
=1

(k)

i=2 9. J" and will be constant on each J J"

where @ will be nonzero only on J
In particular, the ¢ constructed is not even continuous. We will show that for
some appropriate choice of the values of @; we can reach a cocycle ¢ satisfying
(6),(8) and (9). The cocycles $; will be R-coboundaries, while ¢ will not, actu-
ally (6) will hold. Consequently, $i = ;S — 4p; are all coboundaries with the
corresponding (from Proposition 3) set S;. We will be sure the sets S; satisfy
the assumptions of Corollary 2 with 1/;,(’:)(::) = 0, whenever :::,ff'":c €S, k>1.
Some combinatorial conditions on the values of @; will force (8) (and (6)) to
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hold. Finally, we will show that under the assumption that « satisfies the (R)
condition, ¢; has a coboundary modification to a C*-cocycle #}; in such a way

that the cocycle 7= Y o2, 7 is a C°-map cohomologous to @.

3. Construction of weakly isomorphic Anzai skew products that are

not isomorphic

We require « to satisfy (R2), (R3) and (R4), so the integers r(k), k > 1, fulfil the

following condition:
(19) (k) = 8p(k)q(k), where g(k) > 1, 4(k) /" 00 and 1/p(k) < g

Let us denote
TIS) = [B2 b)),
i=0,....,h =1, s=1,...,7(k).

3.1 CONSTRUCTION OF 8. Let 8k, k > 1, be positive numbers such that

(20) < min(1/2,ex/4), k > 1,

IJI

where |JF| denotes the length of JF. We will inductively choose positive integers

k;, positive numbers §; and integers w;, [ > 1, so that

6 < Sk,, 0<w < hk‘ -1, max(l/hk,,wl/hk,) < 61;,/4

21

( ) k1<k1+1,l=1,2,...,
and

99 the closed intervals B; = [v; — 6;/2,v; + 6:/2],
(22) v = CE:I')sq( k) form a decreasing sequence.

Let us start with k53 = 1, w; =0, § = 81. Suppose that we have defined
ki,... k1, wi,...,w; and é&;,...,8; satisfying (21) and (22). Since T is strictly

ergodic, there exists a positive integer n such that for every z € [0,1)

(23) {z,Tz,...,T" 'z} N IntB; # 0.

We choose ki41, so that kj41 > ki and n/hi < ex/4, where k = ki1, which is
possible in view of (16). Now, take z = cgl";';(’gl“) and according to (23) choose
vig1 = T%+1(z) € Int(B;). Then, we choose a positive number 814 satisfying

8141 < 8k, and Byyy = [vig1 — 6141/2,vip1 + 8141/2] C Int(Bi). Therefore, the
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sequences {61}, {wi}, {k:i} satisfy (21) and (22). Since |Bi| < &, — 0, there
exists a unique § € [0,1) such that

(24) ,3 € ﬂ By.

=1
3.2 CONSTRUCTION OF ¢ SATISFYING (9). We will define a sequence {Gi}i>1
of cocycles, ¢;: [0,1) — R having disjoint supports. Let agk'),...,a(r:;‘)‘) (the
sequence {r(k;)} is determined by (3.1)) be real numbers satisfying

(25) o =0, i=1,...,qk),
8q(ki)

(26) E agk‘) =0,
=1

(27) a(r’-‘t;l(k:)ﬂ =4"-a{*" s=1,...,8¢(k), r=1,...,p(k;) — 1.
Let us define @;: [0,1) — R by

(28) Gi(z) =0 if z€[0,1)\ Iz,
Gilz)=a™ if ze b, s=1,...,r(k)

The conditions (18) and (25) guarantee that ¢;,$2,... have disjoint supports
and the cocycle
(29) #z) =) @i(z), =z€l0,1)

=1

is well defined.

THEOREM 2: If the numbers af,k'), s = 1,...,r(ki), 1 > 1, satisfy (25), (26),
(27) and ¢ is defined by (28) and (29) then there exists a measurable function
f: R — R periodic of period 1 such that

(30) fz+a)- f(z)=@¢(z + B) -~ 4¢(z), z€R,
where £ is defined by (24).
Proof: Put

¥(z) = @(z + B) — 44(z), %i(z) = Gi(z + B) — 44(z), = € R.

Then, we have 0, $i(z) = 9(z).
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In order to prove that 3 is a coboundary it is enough to show that the assump-

tions of Corollary 2 are satisfied. Denote

hi, =1 hay =1 r(ki)
Zi= |J Tw), 2= |J UGB -a/2,6% +6/2),
i=hy, —w =0 s=1
by -1 r(ki)

Z=J T U I z=1IL

=0 s=r(ki)—8q(ki)

and put
hy,~1

Si= |J T)\(Z1UZ2U 25U 2,).
It follows from (21) that -
#(Z1) < wifhy, < e, [4.
In view of (20) and (21),
#(Z2) < &i/1IF) < ex /4.
By (19) and (21)
#(Z3) < 1/pk, < erf4, w(Z4) < e, /4.

Therefore, by (14) and (16)

€k, 1 1 1 1
”(S’)ZI_E"‘_4T>1—§'E21—§'§‘
It remains to prove that
(31) if 2,77z € S; then 1%') =0, r>1.

LEMMA 1: Let A= T‘J;' for some 0 <t < hy, —1, 1 < p < r(k;). Suppose that
z,T™z € A for some m > 1. Then

(32) a™ =0.
Proof: We will divide the trajectory {z,f’z,...,f‘""lz} of z into a disjoint
union of subsets according to the return times of z into A. More precisely,
{x,f’x,...,f‘""lz} = {T™z,...,T" 'z}
u{T™g,..., T 2}U...uU {Tm-1g,..., T™ 11}

bl
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where T"i z (i=0,...,u—1)is the only point of {T"‘z, ..., T™+1~1z} belonging
to 4, ng =0, n, = m. Notice that if y ¢ Uh"’-1 T‘Ik, and if p is the first return
time of y to Uh al k., then necessarlly y € J1 since the latter set is the base
of a Rokhlin tower refining the set Ui=0 YT, k- Since @) vanishes outside of Iy,
for:=0,...,u—1,

r(ki)
~l T""x +¢I j:m"+1.’t +. + Tn.+1 1:1,' a(kl)
P

The latter sum, in view of (25), (26) and (27) is equal to 0. Consequently (32)
holds true. ]

LEMMA 2: Let A = T'J}’f’ NS, (0<t<hy -w~—1, 1<p<r(k)-1)and
suppose that z,T"z € A for some m > 1. Then

(,55"')(31:) = 955'")(5'3:) =0, where Sz =z + 8.
Proof: Notice that if z,7™z € A then Sz,T™(Sz) € TH‘”'(J:‘H) because S

commutes with 7. Therefore, the assertion follows from Lemma 1. |

Assume that z € 4 = T‘Jl’f’ NS, T’z e B= T“J:‘ N S; for some 0 < {,u <
hy, —w;—1, 1< p,q <r(k;) — 1. Two different cases arise.

CAase 1l: g<poru<t if p=gq. Let n >0 be the smallest positive integer
such that 771"z ¢ T‘J:‘. Notice that then 77*"z € A since T is an isometry.
We have

5 (@) = 80 (@) + 9 ().
In view of Lemma 2, 1/;,(r+n)(z') = 0 and hence it is enough to prove that 1/;,(") (z) =

0, where y = T7z, and y,T"y € S..

CASE 2: p<qort<u if p=gq. Let n > 0 be the smallest positive integer
such that 7"z € T*J*. Then, in fact, Tz € B. We have

P (z) = 9 (@) + 9 (T ),

Since, T"z € B, T""™+*"z ¢ B, by Lemma 2, 1), ™" (y) = 0, where y = z, and
y,ff’"y € S,

Therefore, we have to prove that if y, 7%y € S; with n = 1,...,N — 1, where
N is the smallest positive integer such that TNy ¢ Uh"' T'I}, then

(33) H(y) =0
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It follows from (24) and (28) that ¢; vanishes on §; except for Iy, N S; and

Th =% [}, N S; and moreover

7 7 ( ke, — k k
B 1IN S =40, §[Fmbns =o)L =dalt).

In view of definition of S; and n, it follows that (33) holds and the proof of

Theorem 2 is complete. |

3.3 CONSTRUCTION OF ¢ SATISFYING (8) AND (9). According to Theorem
2, for an arbitrary choice {agk'),...,a%g[)} (I 2 1) satisfying its assumptions
we obtain ¢ satisfying (9). In this section, we put some restrictions on these
parameters to get (8).

For Zs = {0,1,2,3,4}, let v: Zs — Z5 be a group automorphism given by
(34) v(z) = 41 (mod §).
Partition the set of natural numbers in any way into
(35) N = N; UN,, where Ny, N; are infinite.
For I € N; we put

(k) _ (k1) 1
Co(kr) = %2q(ki)+1 = 5

and for all otheri = 1,...,7¢(k;) — 1
(36) { aff) =0,
for t = Tq(ki),-..,8¢(k:) put

agkt) =Bt my a.rbi'trary, m; € Z with Zfi(lk’) a.(ik') =0

\

((27) forces the rest of the agk')).

THEOREM 3: If ¢ satisfies the assumptions of Theorem 2 and, for | € Ny, the
cocycle ¢ is defined according to (36) then ¢ satisfies (8) and (9).

Proof: We start with the following.

LEMMA 3: If the numbers af,k'), 1 < s < r(ky), I 21, satisfy (25), (26) and
(27) then the cocycle ¢ defined by (28) and (29) is constant on each interval
Ti(Iy,), i = 1,..., hy, — 1. Moreover, if we put bgk') = ¢ | T(Iy,) then

hk‘—l

(37) Y ) =0

i=1
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holds.

Proof: First, we will prove that

. he, o =
(38) for each p=0,...,hy, — 1 either TP(I};,) C X'\ U,-:Q" T'Ik,_h_.l 02
there exists ¢, 0 <1 < hy,_, - r(ki=1) — 1 such that TP(Ii,) C T*(J,"™").

Indeed, notice that (38) holds for p=0,...,hx,_, - r(ki-1) — 1 since Iy, C Jlk'"‘.

Denote B; = T""'-l"(k"‘)—l(Ik,). For each ¢ € By let n(z) be the first re-
turn time of z into U::'o"_l TiI4,_,. Consequently, T™®)z ¢ Jlk “!* Putn =
mingeg, n(z). Thus, TB,,...,T""1B, are contained in X\U::‘O‘l - T"Ik,_l and
TrBNJTF*-* # 0. 1 T B, is still a member of the tower ¢k, = (I, ..., T 11y,)
then Iy, N 77 B; = 0 and since T"B; N J; '~ = ¢ and T is an isometry, it follows
that "B, C Jlk '=!. We can keep this argument going as long as we deal with
the intervals of £i,. Hence (38) has been proved.
Now, notice that whenever T*(Iy,) C Jlk =1, the intervals

TH-I(I’EJ ), ses ,T’+h.l—l r(ki-1)-1 (Ikl)

are members of £x, (see (18)). This observation shows that the values of @y, _,
on
TL,,...,T* I,

are constant with sum equal to zero, since 3 i~ ask"‘) =0.

We can repeat the same argument for I — 2,1 —3,...,1, which completes the
proof.

Suppose now, that for some V' € C(T') there exists a measurable g: [0,1) — X

satisfying (8) and Vz = z - €2™7,4 € [0,1). Denote
me = {J5TI, .. Tharkd=t gy

Given ¢ > 0, there exists Iy such that for all I > [y, | € N; there exist
at least (1 — €)hy, - r(k;) intervals of nx, on which the values of function g are
contained in a ball of radius € except for l—;?T'- of the mass of the interval. (This
is a consequence of the measurability of g). Therefore, it is possible to find an
interval A = T%(J¥) for some 1 < 55 < 2ri, ,1 <4 < hg, — 1 with the following
properties

{ lg(z) — 1| < e for z € A except for a subset
(39)
of A of measure < ¢ p(A),



Vol. 80, 1992 MEASURE-PRESERVING DIFFEOMORPHISMS 49

ha=1[gr(k)]) ,
(40) V(A) U U TiJ*  ynTIi(Ly,) forsome 1<j < hy -1,
i=0 =0
and
(41) l9(z) — e1] < € for z € T*(Ii,) and |g(z) — €2 < € for z € Ti(I,)
except for sets of measure < ¢ - u(Iy,),

where 1 is large enough, | € Ny. Let B C T9(I},) be that interval of n, for which
- 1

(42) W(7(4) 0 B) > 2u(B).

Let us consider first the possible case p(z)/p1(Vz) = g(Tz)/9(z), where ¢, =

?. We have

(43) el (z) _ g(T*hnz)

) 6@

for every z € ANV ~'(B) and every s = 1,...,[3r(k:)).
Consider the set A of those s = 1,...,[3r(k;)] for which |g(z) — c1] < ¢ for
z € Ti(J¥) except for a set of measure < ¢ - y(Jlk'). We then have

(44) card(A) > (1 — 3¢ )’(k‘)

For any s € A we can make the following computations. Since (42) holds, we can
find an z € ANV ~1(B) for which (43) holds and |g(z)—c:1| < ¢, |g(T* i z)—ci1] <
€. Consequently

78-hy,
L TPy
9(z)
and by (43)
(s:hu)( g
(45) |¢(’ah~, @) g,
(V)

actually, the set of = satisfym 45) is of positive measure).
g
Now, we will calculate (***)(z) and 99(’“' (Vz). We have,

¢(y) = u(y) = oV ify € J5 and 1 < w < r(ky).
Hence, by Lemma 3, for an appropriate u < 2r(k;)-we obtain that

(P(ahk,)(z) = exp[21ri(a(k’) +...+ agﬁ‘-{)-a)]’

3041

oM (V2) = expl2mi - 2(a®) + - + ol ).
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Denote 0 0
d(‘) 271': a(k') L. = dso+1 Tertt dso+8
j Ve T [ )
’ (- dl )2

In view of (45), we have |L, — 1| < 2¢ whenever s € A, so

(46) Ly=1 for s€A

(all the numbers L, are fifth roots of unity). Since (44) holds, there exists
1 <'s < [3r(ki)] — 8q(k:) such that s+ sp = m - 8¢(k;) and

47 card({s+1,...,5s +8q(k))} N A) > (1 — 4¢)8¢(k1).

Let sy = so + s + g(ki1), s2 = so + s + 2q(ki) + 1. Therefore, for an appropriate
wr €N

1
ag’:l) = agf‘) =4“1. 5 and for all 7, |7 — si| < ¢(ki) (2 = 1,2), agk') =0.

Consequently, there exists 1 € {0, 1} such that for all j, |j —s;| < 1q(k:) the values

ok

Gy 144 2r€ all equal to zero except for at most one value of the form 4“2 - L But

and since
{4*(mod5): t > 0} = {1,4}, {2-4'(mod5): t > 0} = {2,3},
card{1 < j < 2q(ki): s+j ¢ A} > 2q(k;), which contradicts (47).

To complete the proof, instead of (43) we must also consider the equation

(48) Ph)(2) - oM (V) = g(Tiz)/g(e).

We obtain a contradiction in exactly the same way as for (43), because {—2 -
4(mod5): t > 0} = {2,3}. |

3.4 CONSTRUCTION OF ¢ ALSO SATISFYING (6). We still have some freedom
in our construction since for I € Ny the values (agk'), ceey r( K )) are arbitrary

subject to satisfying the assumptions from (3.2). Partition the set N3 into

(49) N; = U N3 and each of Na, is infinite.
t=1
Let P = {p;: t > 1} be an infinite set of prime numbers. For [ € Ny ; we define

(agk') . g:;'()k ) by (36), where 5 is replaced by p;, t > 1.
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THEOREM 4: If ¢ satisfies the assumptions of Theorem 3 and is defined for
| € N, as above then  satisfies (6), (8) and (9).

Proof: We have to prove (6), i.e. the ergodicity of T,. Suppose that T, is
not ergodic. In view of (5), there exists an integer n # 0 and a measurable
g: X — X satisfying

(p(2))" = g(Tz)/g(=).
Take p; € P such that p; does not divide n and consider only [ € Nj,. By
repeating the arguments from the proof of Theorem 3, given ¢ > 0, for [ large

enough there exists so < 2r(k;) such that
(0 T 1 < 2
where s € A C {1,...,[3r(k)]} and
card(A) > (1 — 3¢e)r(k:i)/3.

Denote L, = (d,(,f'), d(k 4s)" and observe that L, = L, (dg’:'_,),_,)”. Since
s € Aiff L, =1 (because ged(ps,n) = 1 and L, are p;—roots of unity), we can

obtain a contradiction proceeding as at the end of the proof of Theorem 3. 1

4. A class of R-cocycles which can be smoothed

Assume that for given sequences {ex} satisfying (14) and {C}} to be specified
later, we have an « € [0, 1) satisfying the (R) condition. We will consider cocycles

= :E:: 45k(17),

@ given as

k=1
where @ is zero outside of Iy and @i|Jf = aﬁk), t = ., r(k), l.e. P is
completely determined by (agk), (rl(c,)c)) € R"®)_ We assume that

r(k)

(50) Z (k) —

(i.e. each @; is an R-coboundary) . We will also assume that ¢ is bounded, so
there exists K > 0 such that

(51) P <K, k>0, t=1,..,rk)
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Remark 5: Note that the cocycles from the proof of Theorem 4 are unbounded.

However, by taking
$i(z): = frac(pi(z)), z€R,

where frac(c) denotes the fractional part of ¢ > 0 and frac(c) = —frac(—c) if
¢ < 0 we obtain an R-cocycle which is certainly bounded but the sum in (50) is
not zero for it. However this sum is an integer. Therefore, by either adding 41 to
appropriately chosen negative components or subtracting +1 from appropriately
chosen positive components we get a bounded by 1 cocycle ¥ for which (50) holds
and exp(2mi@(z)) = exp(2niy(z)). Therefore, for the cocycle ¥ = exp(27ri1/;) we
have (6) and (8) although probably (9) is no longer true for 3. However, we need
rather (7) than (9) to hold. The fact that statement (6) holds true for ¢ follows
from the following assertion whose proof is very like to the proof of Proposition 3.
1

Fact: Suppose that we are given a sequence of cocycles px: X — R, k =
1,2,... such that the cocycle ¢ = Y ;o @k is well defined. Assume that there
exist measurable sets Sk, p{Si) > 1 — &, E:‘;] b¢ < 1 such that if z, Tz € Si

then wi‘)(z) =1, where ¢ = exp(27i@«). Then the cocycle

o) = exp(} #a(a))
k=1
is an S —coboundary.
Note also that the cocycles from the proof of Theorem 4 are defined on a

subsequence of the towers {;. This is the same as saying that g, = 0 for k ¢
{k(: le N} |

We will put some restrictions on the sequences {r(k)} and {agk), RV af_f,):)} to

prove that in the cohomology class of @ there is a C*-cocycle.
Let {M}} be a sequence of integers, My > 2 such that only My of the numbers

agk), . ,a(r'(‘,):) are different from zero. Let R; be integers such that

(52) Ri>4-2F k>1

Let & = 4-1?[ and

(63) Nk = ¢/ M.
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Let f: R — R be a periodic function of period 1 of C'*°-class satisfying
d"' f
(54) ——(0)=0, 20, c= f(a:)d:z: >0,
m > 0.

Remark 6: Such a function cannot be analytic. An example of a function sat-
isfying (54) is f(z) = exp(—(sin27z)~2). 1

Put

d™ f(z)
55 Bn = su
(59) zelol,)l) | dz™

|, m2>0.

Take n > 2 and denote

1 n—1
A=An={0,;,..., ,1},

U(f’A’ {.’E.'}) = rll Z—: f(zi),

=0

where z; € [+, 1) i =0,...,n — 1. Since f is continuous,

n’n

(56) { given & > 0 there is ng such that for n > ng

lo(f,An, {zi}) — ¢| < & for every {z;}.
Apply (56) with € = i to get a sequence of integers n} such that
(57) lo(f, An, {zi}) —c| <& forn >nj, k> 1.

Let « satisfy the (R) condition with respect to {¢;x} and

(MkRk)k+l
(1—ex)* ~

Actually, no harm arises if we assume that additionally

(58) Cr=

(59) T(k‘) = nkMkRk,

where

(60) ng>ng, k>1

Suppose that some pairwise disjoint subintervals w1 ,wgk), ,wg\’,;) of Iy, k>

1 are given and the following properties

(61) (k) Jk U in+nk_1 for some s; > 2, 8; +ng < Sit1.
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(62) @Asi<m<si+ni—1) o #£0

(i.e. ¢k takes a nonzero value on only one subinterval in each wgk)) hold. Put
(63) cgk) =a®/(c-ne), t=1,...,0(k).

Consequently, by (50)
r(k)

(64) Z M=

Let us define a C®-function g; x = gi x(z), 1 =1,..., M; as follows

— 8ik (k)

) if z € [aik,bix) =w; and 0 otherwise

gia(e) = & fm—2t

and then put

(k)

(65) ¢k(z) =gix(z)ifz € wlk) U---Uwy, and 0 otherwise.

The functions ¢ are of C®-class and they have disjoint supports. Therefore

Ba) =Y vulz), zelo])

k>1
is well-defined and $(0) = (1) = 0. Note that

~ N Z—ai i
d™pi(z) o 4" f(gr=ax x) 1 if z € w®
dr™ = G5, dz™ Iw(k)l"' .

Therefore, by (55), (63) and (51), (61) we have
lde)k(x)

dz™

1

(k)
| < | | Bm . k
|w5 )lm

_ lal 1 K 1
C- Nk m |w(k)|m ~c-ng m (nk.|']lk|)m'

But , in view of (59)

1-¢ 1—¢
k| > LA
712 hi-r(k)  hg-ng-Mg- R
SO
d™yi(z) M- Ry - by K My Ry by,
- m "< 'Bm
| dz™ I -B ( I—Ek ) = ¢ ng ( 1_€k )
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for k > m. Hence, in view of (58) and (R1) the series v, % is uniformly

convergent and consequently JJ is of C*°-class.

THEOREM 5: Let a € [0,1) be irrational. Assume that « satisfies the (R) condi-
tion with respect to {¢x}, {Ci} and (14), (59), (52), (60), (58) hold. If a cocycle
¢ = Y4>1 Pk is given by the sequences {(agk), ,ar(k))} satisfying (50), (51),
(61) and (62), then there exists 1: R = R periodic of period 1, of C*-class such
that

$(2) — $(2) = iz + ) - h(2)

for a 1—periodic measurable b : R — R.

Proof: Put o(z) = Y1 ¥i(z), = € [0,1), where ¥ is defined by (65). We
have already shown that under our standing assumptions, ¥(0) = (1) and ¥ is
of C*™-class. It remains to prove that the R-cocycle ¢ — ¢ is an R-coboundary.
We have
(@ ~@)e) = Y (I(2) ~ $x()).
E>1

We will show that the cocycles ¢ — Gr, k > 1, satisfy the assumptions of
Corollary 2. Put

hg—1
=i k k
Si=|J T\ (P u---uwi)).
i=0
Note that if z € Jf then
r(k)-he—1
(66) Y, w(Tz)=0
1=0
because
r(k)-hx—1 M, np—1 ng—1 M, .
z Pe(Tiz) =3 3 (Tt Dm @)y = 3 O P (1)),
=0 =0 Jj=0 i=1

where c5; ") f (¢;) is the common value of
g (T (2)) = = gy, (TEMHI™DM ()

and (64) holds.



56 J. KWIATKOWSKI ET AL. Isr. J. Math.

Now, take = € JX and note that

(67) w)(nk hk+1)(m) "(ﬂk hb+1)(x)| < E_ .

where 7 =1,..., M;. Indeed,

T R(C )—Z«pk(T”'*(x) Zg.k(T”"(w))— DY 1),

j=0 j=0

where N
o = T (=) — ai
L
ik — Gik

Now . -

Ly <X oo m-1

ng ng

and (60), (56) imply that

1 nep—1 )
- Dy _
(68) = 2 f) el <me.
=0
Moreover, (,52""”"‘“)(1) = a(gf) as soon as T € J", t =1,..., M. Hence, by

(63), (51) and (68)

nep—1
I#’ﬁnrh”’l)(z) _ ¢§c“k‘hk+1)($)‘ - lcg) ) E f(y(’)) . ag‘)l
j=0
ng—1
k
=lag I > f) 11 < e
7=0

and (67) holds.
Suppose, now, that z, T"z € Si. Since ¥, @ vanish outside of wgk)U- . -Uwgi,
and (66), (50) and (67) hold,

T(r ~(r K
(@) - 6@ < 2Mel -

because if a point z returns to iﬁ . T‘Ik, necessarily, it falls into Jlk. Since

(53) holds, the theorem follows. 1
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COROLLARY 3: There exist an irrational a and a cocycle ¢: R — R of C*°-
class such that

(1) Texp(zni-g) is ergodic, Tz = z - 2™, z € X,
(i) Texp(zmi-p) has a weakly isomorphic but not isomorphic factor.

Proof: Thisis only to apply Theorem 5, Remark 5 and Theorem 4 to a satisfying
the full (R) condition. |

5. A note on the smooth centralizer of smooth Anzai skew products

Assume that ¢: R — R is a periodic function of period 1 and of C*-class such
that

(69) Tp = Texpamigy: (X x X, i) — (X x X, i) is ergodic.

According to [2], [19] if § € C(T,) then there exist S € C(T), f: X — X
measurable and n € Z \ {0} such that

(70) S(2,y) = Sgn(z,y) = (S, f(2) - ™).

We want to work with S € C (T,) which are smooth, equivalently, with §’s for
which f is smooth. Such §’s are necessarily invertible. Indeed, if f is continuous,
then Sy, is a continuous map commuting with T, and T, is minimal (by (69)).
Therefore, by a result of [24], Sy, has to be invertible (i.e. n = +1). Denote

Coo(T,) = {§ € C(T): (3f: R — R periodic of period 1 ,
of C% —class) S, i2mify1 € C(To)}-

e

PROPOSITION 4: If an ergodic Anzai skew product T,, is given by ¢ = exp(27i@),
where ¢: R — R is periodic of period 1, of C*-class and fol $(t)dt = 0, then

C(T,) is uncountable.

We will need some auxiliary results. For t € R denote ||t|| = minyez |t — n|.

For a continuous function f: R — R periodic of period 1, we put ||f|]| =

SUPielo,1} O
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LEMMA 4 (([3], [9])): Let a € [0,1) be irrational with the sequence {q,} of
denominators of a. Let : [0,1) — R, fol P(z)dz = 0, $(0) = $(1) and ¢ be
absolutely continuous. Then {1(9")} tends to zero uniformly on [0, 1].

LEMMA 5: Suppose that $: R — R is periodic of period 1, fo (t)dt = 0 and
@ € C™(R) with 2 ‘P,(,,x) absolutely continuous. Then, the set
Cn(T,) = {S € C(T): (3f: R — R periodic of period 1
Of cm - class) Sexp(21rif.),1 € C(T(P)}

is uncountable.

Proof: Assume that Tz = z - 2™ 2 € X and let {g,} be the sequence of
denominators of . Then limp— ||gna|| = 0. By chooosing a subsequence of

{gn}, if necessary, we can assume that

(71) lgnall > > lleed].

k=n+1

Denote ¢, = &2, p=0,1,...,m. Then fol Yp(z)dz = dydzlp‘f(l) d'dz*;,(o) =0,

dzP
and zp is absolutely continuous. In view of Lemma 4, z,b(q") — 0 uniformly on

R. By choosing a subsequence of {g,}, if necessary, we can assume that
~ o -~
(72) (2SR = A |
k=n+1

for n large enough and p = 0,1,...,m. Let r = (rg,ry,...) be any sequence with
r; = 0,1, 1 > 1. Denote

n—1

. n—-1
Qn,r = Z riqra (mod 1), Pn,rp = l(,z'“=° rm).
k=0

Now, by (71), {{(an,r): » 2 0} is a Cauchy sequence (mod 1) and by (72),
{(n,rp): n > 0} satisfies the uniform Cauchy condition. Denote

B = li'IInan,r, (mod 1),

g"aP = 11'131 1/;":":1’ (ln C(R’))? p=01,....m

Fr = lm@Zile ™) (in C(R)).
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We have

d"fr(:c) _ - _
W—g,’p(x), p=0,1,...,m

Note that if 7 # r' then 8, # B~. Indeed, let 7 be the smallest number such that
ri # r;. Then
18r = Bull = llgiall = ) llgead] > 0.
t=i+1

Let S,z = z - €2™#r_ It remains to prove that (S,)

have

exp(21rif'.-),1 S C(T‘P) But, we
n—1
|(T¢)Ek=o e (:E, y) - (S")exp(Zm'f_),l(z’ y)l
= |(exp(2mian,) - 2,6 Tt *9)(z) - y) = (exp(2mi - B,) - 7, exp(2nify(2)) - y)|
< lam,r = Bell + | 2nme ™9 — f|| — 0.

Therefore, (S,)exp(”i j),1 commutes with T, and the result follows. |

Proof of Proposition 4: This is a small modjification of the proof of Lemma 5.

We have to choose a subsequence {g,, } of {g.} satisfying
™ cp x) > dm <,9 z
I EE oy > 3 8Dy,
r=k+1

for k > N,,, m > 0.
This can be done by the standard diagonal procedure. So, the arguments

needed in the proof of Lemmma 5 work well and the result follows. ]

6. Remarks

6.1 The constructions of this paper depend heavily on properties of a. We recall

the result of [8] saying that if
a=[0:a,az,...)

satisfies

(73) Z Tl o

Tl.
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then there is no nontrivial (i.e. not cohomologous to a constant) C2-cocycles.
The reader can see how opposite to (R1) the condition (73) is. We can slightly
weaken (73) to Y oo, “—6}.‘1 < 400 for some 1 > 6§ > 0 obtaining that each
C'to.cocycle of degree zero is cohomologous to a constant (see [3]).

Notice, also that each number o satisfying (R1) has to be a Liouville number.

Indeed, we have agn, +1 > Q;‘nb. Hence

1 1 1
Q20 Q2np 41 ~ G20, +1Q3,, ~ Qf:f

and by (75) (in the appendix)

P, 1
|Ot—-—2—"i|<—k—+2, k=1,2,....
2"& Q2"k

In particular, the set of a’s satisfying the (R) condition is of zero Hausdorff
dimension.
In fact, if $ is of C™-class and ¢ = exp27i¢ is not T-cohomologous (Tz =

¢ + a) to a constant, then « has to be a Liouville number.

6.2 Corollary 3 is the affirmative answer to the question formally raised by
J.-P. Thouvenot. Also, it gives the negative answer to Question 4 from [17]. Can

Corollary 3 be strengthened to get ¢ analytic?

6.3 In Corollary 3, we prove that there exists an ergodic Anzai skew product
T,, where ¢ is of C*-class, such that there are two measure-preserving maps
0,%: (X x X, i) — (X x X, fi) such that

0T, = T,20, T, = T,%.

The map O is also of C*-class. However, £ is not. Actually, £ must not
be continuous whenever © is. Indeed, otherwise ©® o £ is a continuous map
commuting with the homeomorphism T, which is minimal. By a result of [24],
© o ¥ has to be invertible, so both £ and © are invertible, a contradiction.

Can we find two diffeomorphisms T}, T; of S xS? preserving Lebesgue measure
ji = p x p, ergodic with respect to fi, which are smooth factors of each other (i.e.

O, X are smooth) but are not measure-theoretically isomorphic?
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6.4 It is well-known ([14], [27]) that given rotation by some e2*'®, each cocycle
¢: S — S is cohomologous to a continuous one.
Given a cocycle ¢: 8 — S, can we find a continuous ¢;: S — S with

bounded variation such that ¢; is cohomologous to ¢?

7. Appendix
Let o € [0,1) be irrational, with the continued fraction expansion
1

a=[0:a,as,...)= —
a +

a;+ -

The positive integers a; are said to be the partial quotients of a. Put

(74) Qo =1, Q1 =a, Qn+1 = an+lQn + Qn-
P, =0, P =1, Pn+l=an+an+Pn—l- '

The rationals P, /Q, are called the convergents of a and the following

P, 1
75 a——|<
(75) l <%0
holds. The following formula
(76) Qn+1l|@nall + @n||@nt1a] = 1

holds true (where ||t|| denotes the distance of a real number ¢ from the set of
integers).
The result below is a direct consequence of the definition of the continued

fraction expansion of a and (76).

PROPOSITION 5: Let n > 2 be even. Then, the intervals

[0,Qna), T[0, Qna), ..., T(an+:1Qn+Qn-1)=1[0, Q,.a),

[@nt10,1),..., T Qnt1,1)

are pairwise disjoint with the union equal to [0,1). Moreover
[0,8n+1Qna) = [0,@,a) UT?"[0,Qna) U ... U TE+1-18n [0, @, a).

Suppose, now, that a satisfies (R2) and (R4). Then, from Proposition 1 and
(R4) it follows that (15), (17) and (18) hold true. Moreover, by (i) and (ii) of
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the above proposition, we have

hg -1

[t(( U TiIk)C) < Q2nk—1”Qana“ + Q2nk”Q2nk+1a”

i=0
so, by (75) and (74)

h—1

#(( U T1)) < 2Q2n, -

=0

1 2

< .
Q2nk+l A2n, 41

Therefore, (16) follows.

Proof of Theorem 1: Denote

Qs

As4+1

Xri,s ={a€(0,1) C, <27 for t=1,...,s},

ng,, = {01 € [0,1):

< min{ey,...,&}},
As41

Xns = {a € 0,1): Gups = pa(s), pls) > max( s ) 0(6) >,

1 1
Xpes ={a€0,1):Q, > max(;;,..., ;2—)}
1 s

Now, notice that if an irrational number a € Xp; 4, € > 0 is small enough that
each irrational 8, || — a|| < ¢ must belong to Xgi s. In other words, there exists
an open set Xp, ; C [0,1) such that Xp;, = Xp, ,N([0,1) \ Q). Now, put

[e * B o]
A= ﬂ U XR1,2s N XR22s N XR3 26 N Xy 200
t=1 s=t

Notice that (J;2, X%y 30N XR3.2eN X B3 24N X Ra 2, is dense and open. Moreover,
if o € A then certainly it satisfies the full (R) condition and the proof is complete.
1
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